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Abstract
The formalism of the matching conditions between transverse connected Green
functions is extended to include the two next to leading corrections, namely the two-
loop M2H and the one-loop 1/M
2
H contributions to the coefficients of the electroweak
chiral lagrangian which are relevant to the LEP1 physics: a0, aˆ1 and aˆ8. We derive
general expressions for these three coefficients in terms of just bare gauge boson
self-energies. By means of the screening theorem, it is shown that the same expres-
sions can be used to get directly from a MSM calculation, the leading Higgs mass
contribution to these coefficients at each loop order. In a more general framework,
we solve the problems concerning the loss of gauge invariance and the inclusion of
only gauge invariant operators by proposing a new formulation of the matching con-
ditions at two and higher loop order. As an example of the usefulness of using an
electroweak chiral lagrangian to parametrize the MSM, we will give a simple proof of
an extra screening for the renormalized photon self-energy in the on-shell scheme at
all orders. In addition it is shown the automatic cancellation of the unphysical M4H
terms in the other gauge boson self-energies at two-loops in this scheme. Finally we
will apply the obtained electroweak chiral lagrangian to compute the different Higgs
mass contributions to the bosonic part of ∆ρ, ∆r and ∆κ, analyzing carefully the
hierarchy between corrections.
E-mail address: matias@padova.infn.it
1
Introduction
The electroweak theory has been tested at LEP1 with a high degree of ac-
curacy. Instead, LEP1.5 and later on LEP2 will search for new physics. Still the
precise mechanism of spontaneous symmetry breaking remains one of the most inter-
esting and hidden parts of that theory, at least from an experimental point of view.
The very few known experimental facts, namely the discovery of the massive W±
and Z gauge bosons whose longitudinal parts can be interpreted as the Goldstone
bosons associated with the breaking of the global symmetry, the smallness of the
∆ρ parameter, protected by the custodial symmetry [1] and the failure in finding a
Higgs, supersymmetric or technicolor particle up to a certain energy, leaves the door
open to all sort of speculations on possible mechanisms compatibles with them.
For that reason it can be useful to find some general tool able to perform a
‘natural’ splitting between the ‘known physics’ (where ‘known’ means experimentally
tested) and possible effects, in our present available energies, coming from ‘new
physics’ in this experimental sense (including the case of a Higgs of the Minimal
Standard Model -MSM-). We have such a tool at hand and it is called Chiral
Perturbation Theory [2, 3], or more specifically, the electroweak chiral lagrangian
(see [4] for a nice review on the topic).
In such lagrangian the splitting between ‘known’ and ‘new’ physics is made
explicit. The known spectra of particles and symmetries are the basic building
blocks whereas the information concerning the particular breaking mechanism will
fit into the coefficients of the operators compatibles with the symmetries (which
we will usually refer as chiral coefficients). These coefficients will collect the ‘low
energy effects’ coming from still undiscovered new heavy degrees of freedom (Higgs
in the MSM, techniparticles in technicolor theories [5, 6], Z ′ in E6 models [7], W
′ in
leftright models [8], . . .).
We will concentrate in getting these non-decoupling effects [9] of the heavy de-
grees of freedom in one of the possible models: the large Higgs mass limit of the
Minimal Standard Model.
In an early work Appelquist and Bernard [10] for an SU(2) Yang-Mills theory
and later on Longhitano [11] for the complete SU(2)L×U(1)Y gauge group found the
leading one-loop logarithmic dependence on the Higgs mass of the chiral coefficients.
Later on the finite piece accompanying this leading Log was obtained by using
functional methods in [2]. More recently in a series of papers [12, 13, 14, 15] a
different technique, so called matching conditions has been used to derive both one-
loop contributions.
The purpose of this paper will be twofold. On the one hand, we will extend and
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apply the technique of the matching conditions to obtain for the first time the two
first subleading corrections, namely the one-loop 1/M2H contribution and the two-
loopM2H , entering the three chiral coefficients relevant to LEP physics. On the other
hand, it will be shown how one can benefit from the ‘natural’ splitting explained
above in getting information on the Higgs mass contribution to the self-energies.
Some results concerning the three point functions are also given.
We will pay special attention to the subtleties concerning gauge invariance in the
matching conditions at two-loops proposing a new formulation of these equations.
In addition we will comment on the scheme independence of the chiral coefficients
and the hierarchy between the different subleading Higgs corrections.
We will consider a scenario with a Higgs ‘heavy’ enough to fulfill the necessary
requirement for having a chiral lagrangian, i.e., the existence of a mass gap between
the heavy and light degrees of freedom, but sufficiently ‘light’ not to break the
perturbative expansion. Moreover due to the strong suppression of the M2H contri-
butions coming from two loops the range of energies where a chiral description can
be applied is very large.
The paper is organized in the following way. We start in section 1 presenting the
two theories that we want to match. Then we will make some general comments
on the matching conditions in section 2. We will show in section 3 the matching
equations at one-loop and we will give an expression for the coefficients of the chiral
operators in terms of just bare self-energies. We will analyze the complete Higgs
one-loop contribution, pointing out the gauge invariance of the transverse part.
Afterwards we will crumble the different Higgs contributions entering into the chiral
coefficients, mainly the leading LogM2H and the first 1/M
2
H. We will end this section
with a brief discussion on the dimension six operators. In section 4 we will address
the problem of how to write the matching conditions at two loops. We will give a
simple solution and afterwards we will show how theM2H contribution enters into the
chiral coefficients. Then we will use the obtained chiral lagrangian to prove an extra
screening of the renormalized photon self-energy in the on-shell scheme to all orders.
We will discuss in section 5 on the hierarchy of corrections, i.e., the competition
between the two-loop M2H contribution and the one-loop 1/M
2
H correction. We will
analyze their relative importance in relation with the quantities ∆ρ, ∆r and ∆κ as
a function of the Higgs mass. We will finally jump into the conclusions.
In Appendix A the complete set of SU(2)L × U(1)Y gauge invariant operators
of the electroweak chiral lagrangian (up to order p4) is given. And the details of
the large Higgs mass expansion of the one-loop gauge self-energies are explained in
Appendix B.
2
1 MSM and electroweak chiral lagrangian
We shall start our discussion by presenting the two theories that we want to
link, the Minimal Standard Model as the fundamental one and the electroweak
chiral lagrangian as its effective low energy realization.
The lagrangian of the MSM can be written in a general way, without specifying
the particular realization chosen for the scalar particles [11]
LMSM = +1
4
TrDµM
†DµM − 1
4
λ(
1
2
TrM †M +
µ2
λ
)
2
−1
2
TrWµνW
µν − 1
4
BµνB
µν + LGF + LFP , (1)
where λ stands for the Higgs self-coupling and µ2 is related to the vacuum expecta-
tion value by v =
√
−µ2/λ. The matrixM collects all scalar fields and the covariant
derivative acting over this matrix is defined by DµM = ∂µM+ igWµM−ig′BµM 12τ 3
with Bµ and Wµ =
1
2
W iµτ
i the vector boson fields. τ i are the Pauli matrices.
In choosing one or another parametrization for this 2×2 matrix M one is chang-
ing the realization of the scalar fields. In between all possible parametrizations we
will comment on two
M1 = σ + i~ω~τ M2 = ρU = ρ exp (i ~π~τ/v), (2)
where σ and ρ represent the Higgs field while ~ω and ~π stand for the Goldstone boson
fields. The first one, is a linear realization. If one uses this parametrization in (1) the
linear presentation of the MSM is recovered (see for instance [16]). On the contrary,
the second one gives a nonlinear realization for the Goldstone bosons. We will choose
this second parametrization M2 for the scalar sector of the Standard Model. Notice
that in the chiral lagrangian the Goldstone bosons transforms nonlinearly too.
Along this paper it will be shown that this parametrization apart from making
the connection between both theories (MSM and its effective electroweak chiral
lagrangian) more natural, it will be useful in pointing out some conceptual problems
that were previously overlooked. Moreover we will see that from a technical point of
view it has an obvious advantage in front of the linear parametrization of the MSM
regarding the matching conditions.
In these variables the MSM lagrangian is written
LMSM = 1
2
∂µρ∂
µρ− ρλv(v2 + µ
2
λ
)− 1
2
ρ2(µ2 + 3v2λ)− λvρ3 − 1
4
λρ4
+
1
4
(ρ+ v)2TrDµU
†DµU − 1
2
TrWµνW
µν − 1
4
BµνB
µν + LGF + LFP , (3)
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with DµU = ∂µU +
1
2
igW iµτ
iU(x)− 1
2
ig′BµU(x)τ
3. For the gauge-fixing we will take
the usual gauge fixing term
LGF ≡ −1
2
∑
1=1,3
F iF i − 1
2
F 0F 0
= − 1
2ξW
∑
i=1,3
(∂µW iµ −
1
2
gvξWπi)
2
− 1
2ξB
(∂µBµ +
1
2
g′vξBπ3)
2
, (4)
having in mind when constructing the Faddeev-Popov
LFP =
∑
α,β=i,0
c¯α
δF α
δθβ
cβ , (5)
that the Goldstone bosons will transform nonlinearly
δπi =
1
2
(v(θi − θ0δi3)− ǫijkθjπk + θ0(π2δi1 − π1δi2))
+
1
6v
πjπl(θk(δliδkj − δjlδki)− θ0(δj3δli − δi3δjl)) + . . . (6)
where θi and θ0 are the parameters of the SU(2) and U(1) transformation respec-
tively. An expansion up to four fields of lagrangian (3) can be found in Appendix
D of [17].
The electroweak chiral lagrangian is constructed by relaxing the renormalizability
constrain and by writing all possible operators, up to a certain order in momenta,
that are consistent with the symmetries, i.e., Lorentz, C and P and SU(2)L×U(1)Y
having assumed a pattern of spontaneous symmetry breaking from a global SU(2)L×
SU(2)R group to a vectorial SU(2)V [11].
This lagrangian is, up to order p4, given by
Leff = +v
2
4
TrDµU
†DµU − 1
2
TrWµνW
µν − 1
4
BµνB
µν +LGF +LFP +
∑
i=0,13
aiLi, (7)
where the last fourteen gauge invariant operators are listed in Appendix A.
It can be proved [4] that if one uses the equations of motion over the previous set
of operators they reduce to just eleven operators (L11 and L12 vanishes identically
and L13 can be written as a linear combination of the L1 . . .L10 operators). While
it is allowed to use the equations of motion at one-loop it is not at two loops. As
we will be interested in performing a two-loop computation, we will never use the
equations of motion over the O(p4) operators.
The renormalized lagrangians will be obtained by redefining the fields and intro-
ducing the renormalization constants [11] in both theories
W iµ → Z
1
2
WW
i
µ
4
Bµ → Z
1
2
BBµ
πi → Z
1
2
pi πi
g → Z−
1
2
W g
(
1− δg
g
)
g′ → Z−
1
2
B g
′
(
1− δg
′
g′
)
v → Z
1
2
pi v
(
1− δv
v
)
. (8)
In the electroweak chiral lagrangian, in addition, the chiral coefficients require a
further renormalization abi = a
r
i+δai. For a discussion on renormalization procedures
in Chiral Perturbation Theory see for instance [18].
2 Matching Conditions and Gauge Invariance
One of the possible ways, although not the only one (see [19] [20]), to connect
a fundamental theory with its low energy effective description are the matching
conditions. In a general framework they consist of a set of equations where one
imposes that some quantity evaluated with the fundamental theory should coincide
with the same quantity obtained using the electroweak chiral lagrangian (that will
depend on the a’s) up to a certain order (in inverse powers of the heavy mass particle)
and up to a certain scale. Depending on the type of object we choose to match, i.e.,
the level at which to impose the matching one needs to be more careful. The care
has to deal with the observable or non observable nature of the objects that one
uses for making the matching.
There are two types of objects that one could think of using in the matching.
The first, of course, is a S-matrix element which is a gauge invariant quantity. The
other possibility, which is the one we will take, is to use as the matching object
connected Green functions with external gauge fields. In that case we will be able
to deal with off-shell quantities too.
There is, indeed, a third approach using One-Particle-Irreducible functions[12,
13] that gives the same results for the chiral coefficients as far as the transverse part
is concerned. However it leads to inconsistent equations[14], already at one-loop, for
the longitudinal ones under a simple change of variables as the one of eq.(2).
Let us make some comments on the properties of the connected Green functions
concerning the matching conditions. On the one hand, this type of Green function
exhibits the nice property of being invariant under the redefinition of the scalar
fields given by eq.(2) ( this property has been checked explicitly for the two and
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three point functions at one-loop in [14]). On the other hand, if one uses an Rξ
or some other type of gauge (except for the background field gauge) to calculate a
Green function, it is clear that gauge invariance is lost and one is dealing then with
a BRST invariant quantity. It implies automatically that if we use the complete
two point connected Green function (transverse plus longitudinal) in the match-
ing conditions they turn out to be BRST invariant equations. This could be, in
principal, a disadvantage compared to the S matrix elements (which define gauge
invariant matching equations) because one is interested in consider only gauge in-
variant operators a’s and not all the possible BRST operators. However, there is a
nice way to bypass this problem [14] and it is to consider a subset of gauge invariant
matching equations. We will see from a direct computation that the contribution at
one-loop coming from the Higgs to the transverse part of the connected Green
functions is still gauge invariant. Then if one restricts the matching conditions at
one-loop to the transverse part it is consistent to consider just the gauge invariant
operators of Appendix A.
On the contrary if one includes in the matching the longitudinal parts of the
Green functions one gets into troubles because the longitudinal parts are affected
by the particular choice of the gauge in the fundamental and in the effective theory.
In the case of using One-Particle-Irreducible functions it is even worst because their
longitudinal parts also depend on the particular parametrization used for the scalars.
It is clear then that one cannot make absolute statements (independently on the
gauge, scheme, parametrization, etc.) about the values of the coefficients entering
such parts, because one can fall easily into inconsistencies regarding the matching
conditions [14]. On the other hand one would expect that the coefficients entering the
longitudinal parts (a11, a12 and all only BRST invariant operators that we will call b
operators1) will be irrelevant at the level of observables. So the safest position will be
clearly not to consider the longitudinal parts (unless one considers the complete set
of BRST invariant operators). In that way, at the end of the day, we have been self-
consistent including in the restricted gauge invariant matching equations only gauge
invariant operators and, in addition, we are not losing any physical information.
3 One-loop matching conditions
Let’s now see the explicit expression of the matching equations between the gauge
field self-energies. From now on and according to the previous discussion when we
1Notice that we distinguish between operators that are gauge invariant (a’s) from those that are
only BRST invariant (b’s). From now on wherever we talk about BRST or extra BRST invariant
operators we refer to the b operators.
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refer to gauge field self-energies we will always intend the transverse ones. In a
compact notation the matching conditions are simply
ΣˆXMSM(p
2;µ) = ΣˆXECL(p
2;µ) µ ≤MH , (9)
where ΣˆXMSM and Σˆ
X
ECL stands for the renormalized self-energies of gauge fields
(X = WW,ZZ, γγ, γZ) in the Minimal Standard Model and the electroweak chiral
lagrangian respectively. The explicit expressions of the renormalized self-energies at
one-loop are
ΣˆWW{MSM
ECL
}(p2;µ2) = Σ0WW{MSM
ECL
}(p2)− δM2W{MSM
ECL
} − δt{MSM
−
}M2W
+δZW{MSM
ECL
}(p2 −M2W ),
ΣˆZZ{MSM
ECL
}(p2;µ2) = Σ0ZZ{MSM
ECL
}(p2)− δM2Z{MSM
ECL
} − δt{MSM
−
}M2Z
+(c2δZW{MSM
ECL
} + s2δZB{MSM
ECL
})(p2 −M2Z),
Σˆγγ{
MSM
ECL
}(p2;µ2) = Σ0γγ{MSM
ECL
}(p2) + (s2δZW{MSM
ECL
} + c2δZB{MSM
ECL
})p2,
ΣˆγZ{
MSM
ECL
}(p2;µ2) = Σ0γZ{MSM
ECL
}(p2) + 1
4
gg′v2(
δg
g
− δg
′
g′
){MSM
ECL
}
+s c(δZW{MSM
ECL
} − δZB{MSM
ECL
})p2, (10)
where δt stands for the tadpole counterterm and s, c are the sinus and cosinus of the
Weinberg angle respectively. The mass renormalization constants can be written
easily in terms of the renormalization constants of eq.(8)
δM2W
M2W
= δZpi − δZW − 2δv
v
− 2δg
g
,
δM2Z
M2Z
= δZpi − c2δZW − s2δZB − 2δv
v
− 2c2 δg
g
− 2s2 δg
′
g′
. (11)
The bare self-energies of the MSM can be split up into two pieces
Σ0{MSM}(p
2) = Σ0(L){MSM}(p
2) + Σ0(H){MSM}(p
2). (12)
Σ0(L){MSM} collects all the diagrams with only light particles, whereas Σ0(H){MSM}
includes the rest of the diagrams with at least one Higgs running inside the loop.
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In the chiral lagrangian one can similarly distinguish between two contributions
Σ0{ECL}(p
2) = Σ0(L){ECL}(p
2) + Σ0(H=a){ECL}(p
2), (13)
with Σ0(L){ECL} representing as in the MSM the diagrams with only light parti-
cles and Σ0(H=a){ECL} stands for the contribution of the fourteen operators listed
in Appendix A, that collect the non-decoupling effects of the Higgs in the chiral
lagrangian.
It is remarkable to notice by a direct inspection of lagrangian (3) and lagrangian
(7) that if we choose the same gauge-fixing eq.(4) and Faddeev-Popov term eq.(5)
in both lagrangians the following equality holds
Σ0(L){MSM}(p
2) = Σ0(L){ECL}(p
2). (14)
The reason being that in the nonlinear representation M2 for the Goldstone bosons
of the MSM (3) the Feynman rules involving just light fields become the same as
in the electroweak chiral lagrangian. This is not true if, instead, we use the linear
parametrization M1.
The explicit contribution of the chiral operators to the bare gauge field self-
energies is [14]
Σ0
WW
(H=a){ECL}(p
2) = 0,
Σ0
ZZ
(H=a){ECL}(p
2) = +2M2Za0 + p
2(c2g2a8 + 2s
2g2a1 + (g
2 + g′2)a13),
Σ0
γγ
(H=a){ECL}(p
2) = +p2s2g2(a8 − 2a1),
Σ0
γZ
(H=a){ECL}(p
2) = +p2(scg2a8 − (c2 − s2)gg′a1). (15)
In order to determine these coefficients we will impose the matching equations
(9) using eq. (10) and taking into account, on the one hand, that the renormalization
constants in both theories are, in general, different (δZ{MSM} 6= δZ{ECL}) and, on
the other, the exact cancellation of the light bare self-energies of both theories (14)
in the nonlinear representation of the MSM (3).
If one solves these set of equations for the two-point functions, one ends up with
the following expressions for the a’s in terms of just the heavy part of the bare
self-energies of the MSM (ΣX0(H){MSM})
a0 = − 1
2M2Zc
2
(
ΣWW0(H) − c2ΣZZ0(H) − 2scΣγZ0(H)
)∣∣∣∣
p2=0
,
aˆ1 = +
1
g2

c2∂ΣZZ0(H)
∂p2
− c2∂Σ
γγ
0(H)
∂p2
− c
s
(c2 − s2)∂Σ
γZ
0(H)
∂p2

 ∣∣∣∣
p2=0
,
aˆ8 = +
1
g2

c2∂ΣZZ0(H)
∂p2
+ s2
∂Σγγ0(H)
∂p2
+ 2sc
∂ΣγZ0(H)
∂p2
− ∂Σ
WW
0(H)
∂p2

 ∣∣∣∣
p2=0
, (16)
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where the suffix {MSM} has been omitted to keep the expression manageable. aˆ1
and aˆ8 stands for the combinations a1 + a13 and a8 + a13 respectively that enter the
observables always in this precise way. The previous equations have the remarkable
property of making explicit at one-loop the independence on the scheme chosen to
renormalize the fundamental and the effective theory of the a coefficients.
The same procedure explained above for the two-point functions can be followed
exactly to get the heavy particle contribution to the a’s entering the three point
functions. There the matching equations would read
ΓˆYλµν(T ){MSM}(p1, p2, p3;µ) = Γˆ
Y
λµν(T ){ECL}(p1, p2, p3;µ) µ ≤MH , (17)
where Y stands for the vertex ZW+W− and γW+W− and p1, p2 and p3 are the
momenta of the three incoming particles (Z/γ,W+ and W− respectively). The
subindex (T) means that one should restrict to the non-vanishing structures when
the gauge condition ǫµ(pi)piµ = 0 is applied. This is the way of restricting to a gauge
invariant subset of equations for the three point functions. Following the same steps
as before for the three point functions one would get
a2 = − c
g3
(
−c
s
CγW
+W−
2 + C
ZW+W−
2 −
c
s
CγW
+W−
1 + C
ZW+W−
1
)
+ aˆ1,
a3 = − c
g3
(
−c
s
CγW
+W−
1 + C
ZW+W−
1
)
,
a9 = − 1
g3
(
sCγW
+W−
2 + cC
ZW+W−
2
)
+ aˆ8, (18)
with
CY1 =
1
18
pν1
p23 − p22
(
ΓY0(H)µµν + Γ
Y
0(H)µνµ − 5ΓY0(H)νµµ
)
,
CY2 =
1
6
pν1
(
1
p21
(ΓY0(H)µνµ − ΓY0(H)µµν) +
3
p23 − p22
ΓY0(H)νµµ
)
. (19)
Γ0(H) stands for the contribution coming from the diagrams with at least one Higgs
inside. Notice that the subscript (T) has disappeared in the Γ’s because in these
equations the longitudinal part drops out automatically. aˆ1 and aˆ8 are given by
equations (16).
3.1 Leading one-loop MH contribution
This general formalism can be applied to get the Higgs contribution to the a’s.
We will restrict from now on to the two-point functions to be able to develop in
detail an explicit example, however the same technique can be applied to the three
and four point functions.
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The first step will be to get the Higgs contribution to the four self-energies with
external gauge fields. It is easy to see that while the photon and mixed Z-photon
self-energies do not have any Higgs contribution at 1-loop order, the W and Z
self-energies get contributions from the three diagrams drawn in Fig.1.
Their explicit expression in an arbitrary Rξ gauge are
2,
ΣWW0 (H){MSM}(p
2) =
g2
16π2
{
CUVM
2
W −
1
4
(CUV + 1)(M
2
W −
p2
3
)
−1
4
M2HLog
M2H
µ2
+
∫ 1
0
dx
[
1
2
D2(M
2
W )−M2W
]
Log
D2(M
2
W )
µ2
}
,
ΣZZ0 (H){MSM}(p
2) =
g2
16π2c2
{
CUVM
2
Z −
1
4
(CUV + 1)(M
2
Z −
p2
3
)
−1
4
M2HLog
M2H
µ2
+
∫ 1
0
dx
[
1
2
D2(M
2
Z)−M2Z
]
Log
D2(M
2
Z)
µ2
}
,
Σγγ0 (H){MSM}(p
2) = 0,
ΣγZ0 (H){MSM}(p
2) = 0, (20)
where
D2(M
2) = M2H + (M
2 −M2H − p2)x+ p2x2 (21)
and CUV = 1/ǫ − γ + Log4π. Notice that no tadpole is included in the list of
diagrams of Fig.1 the reason being that they are exactly canceled by the tadpole
counterterm δt. Moreover, the only place where δt would enter is through the W
and Z self-energies at p2 = 0, and both contributions would cancel each other into
the a0 coefficient anyway.
It is important to point out that eq.(20) although calculated in a general ξ gauge
happen to be ξ independent to all orders in the MH expansion. This result implies
the gauge independence of the matching conditions between the transverse gauge
field self-energies at one-loop to all orders in the 1/M2H expansion.
If we now expand the self-energies given by eq.(20) up to the leading MH cor-
rection by using the formulae of Appendix B
Σ
WW (1)
0 (H){MSM}(p
2) = − g
2
16π2
{
M2H
8
− 3
4
M2W
(
CUV − LogM
2
H
µ2
+
5
6
)
− 1
12
p2
(
CUV − LogM
2
H
µ2
+
5
6
)}
,
Σ
ZZ(1)
0 (H){MSM}(p
2) = − g
2
16π2c2
{
M2H
8
− 3
4
M2Z
(
CUV − LogM
2
H
µ2
+
5
6
)
2Similar expressions in t’Hooft-Feynman gauge but using the Passarino-Veltman Bi functions
can be found in [21].
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− 1
12
p2
(
CUV − LogM
2
H
µ2
+
5
6
)}
,
Σ
γγ(1)
0 (H){MSM}(p
2) = 0,
Σ
γZ(1)
0 (H){MSM}(p
2) = 0, (22)
one obtains after substituting eq.(22) into eq. (16)
a
b (1)
0 (µ) =
g′2
16π2
3
8
(
CUV − LogM
2
H
µ2
+
5
6
)
,
aˆ
b (1)
1 (µ) =
1
16π2
1
12
(
CUV − LogM
2
H
µ2
+
5
6
)
,
aˆ
b (1)
8 (µ) = 0. (23)
This result coincides with the one obtained previously in [12, 14], but now, in addi-
tion, we have shown explicitly, by means of equations (16), that the a0, aˆ1 and aˆ8
coefficients are independent at one-loop on the particular scheme used to renormal-
ize both the fundamental and the electroweak chiral lagrangian. Of course, they are
still dependent on the particular scheme used to renormalize the coefficients itself.
However there is a combination of ab0(µ) and aˆ
b
1(µ) finite and scale independent
g2s2aˆb1(µ)−
2
9
c2ab0(µ). (24)
This particular combination together with aˆb8(µ) which is finite and scale indepen-
dent too, define an observable quantity called L (see [14])
L = g2s2aˆb1(µ) + g
2c2aˆb8(µ)−
2
9
c2ab0(µ). (25)
It is not difficult to get a physical insight on the meaning of this quantity. If one
writes down the Higgs contribution (Log plus finite part) to the leptonic width (Γl)
and the effective Weinberg angle (s¯2) as given by the effective field theory (in terms
of the a’s) both quantities (Γl and s¯
2) will depend on the cutoff of this theory (in
our case the MH). However one can combine these two quantities to construct a
LogMH independent quantity which is precisely the one we have called L. Its value
in the MSM is L(1) = 0. When the fundamental theory is other than the MSM this
quantity L is constructed to cancel the µ dependence (see [22]).
Going back to eqs. (23) the usual choice to renormalize this coefficients is the
modified Minimal Subtraction Scheme. After performing this subtraction the renor-
malized coefficients at one-loop become
a
r (1)
0 (µ) =
g′2
16π2
3
8
(
−LogM
2
H
µ2
+
5
6
)
,
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aˆ
r (1)
1 (µ) =
1
16π2
1
12
(
−LogM
2
H
µ2
+
5
6
)
,
aˆ
r (1)
8 (µ) = 0. (26)
Notice that no M2H contribution enters into these coefficients due to the screening
theorem [23] at one-loop.
3.2 1/M2
H
correction and next order operators
If we go one step further and expand the bare self-energies (20) up to the 1/M2H
correction using eqs. (62 - 63) of Appendix B one would get
Σ
WW (1/M2
H
)
0 (H){MSM}(p
2) = − g
2
16π2
1
M2H
{
3
4
M4WLog
M2H
M2W
− 1
3
M2Wp
2 − 1
48
p4
}
,
Σ
ZZ(1/M2
H
)
0 (H){MSM}(p
2) = − g
2
16π2c2
1
M2H
{
3
4
M4ZLog
M2H
M2Z
− 1
3
M2Zp
2 − 1
48
p4
}
,
Σ
γγ(1/M2
H
)
0 (H){MSM}(p
2) = 0,
Σ
γZ(1/M2
H
)
0 (H){MSM}(p
2) = 0. (27)
These contributions will distribute in the following way: the p0 parts will enter
into the coefficient a0, the p
2 terms into aˆ1 and aˆ8 and the p
4 pieces into the next
order operators. The explicit Higgs contribution to a0, aˆ1 and aˆ8 can be deduced by
introducing eq. (27) into the general equations (16). The results are
a
r (1/M2
H
)
0 (µ) = −
g′2
16π2
3
8
1
s2c2
M2W
M2H
(
Log
M2H
M2Z
− c4LogM
2
H
M2W
)
,
aˆ
r (1/M2
H
)
1 (µ) =
1
16π2
1
3
M2Z
M2H
,
aˆ
r (1/M2
H
)
8 (µ) =
1
16π2
1
3
1
M2H
(M2Z −M2W ). (28)
Notice that the last coefficient aˆ
r (1/M2
H
)
8 is nonzero for the first time, so it gives an
isospin breaking term proportional to 1/M2H . As we will see in the next section,
due to the zero contribution of the two-loop M2H correction to this operator, the
1/M2H term becomes the most important source of breaking (together with the one
coming from the p4/M2H piece that enters the dimension six operators). With respect
to the a0 and aˆ1 contribution it is clear that for a ‘light’ Higgs mass and a large
suppression factor of the M2H two-loop contribution the 1/M
2
H piece can be the
dominant correction to the leading one-loop result. We will see that this is indeed
the case for a large Higgs mass range.
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From eq.(25) and eq.(28) one can obtain the 1/M2H contribution to the observable
L at this order
L(1/M
2
H
) =
1
16π2
(
M2W
M2H
)
g2
3c2
{
1− c4 + 1
4
(
Log
M2H
M2Z
− c4LogM
2
H
M2W
)}
. (29)
Up to this point we still have not said anything on how the p4 contribution enters
into the matching equations. It is clear that the matching equations for this piece
will be of the form
∑
i
ciWW ti =
g2
16π2
1
M2H
1
48
,
∑
i
ciZZti =
g2
16π2c2
1
M2H
1
48
,
∑
i
ciγγti = 0,∑
i
ciγZti = 0, (30)
where the l.h.s. stands for the contribution of the possible dimension six operators
whose coefficients we have called ti. The c
i
X coefficients will depend only on g, g
′
and v. No renormalization constants could enter at this order in momenta.
It is obvious from the previous equations that in the best situation four of the
t operators can be fixed from the gauge self-energies. In general, if they are more
than four, one would expect to be able to fix just a combination of all the possible
coefficients of the t operators that contribute to the gauge self-energies.
Finally depending on the energy scale at which we are working (always inside
the range allowed by Chiral Perturbation Theory, which is related with the MH in
the MSM) the t operators could become important.
4 Two-loop Matching Conditions
At the two-loop order the situation becomes much subtler than at one-loop, both
from a technical and a conceptual point of view. In this section we will discuss how
to solve the problem of losing gauge invariance and at the same time taking into
account only gauge invariant operators in the matching conditions at two-loop order.
First of all, it is obvious that equation (14) still holds if we use the nonlinear
representation for the Goldstone bosons (M2) in the MSM (in fact this is true to all
orders). This means that we will only be concern with the diagrams involving at
least one Higgs. This simple observation can simplify the work a lot in a complete
two-loop computation.
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Let’s now consider the different contributions to the transverse part of the two-
point connected Green functions. At the two-loop order we will have One-Particle-
Irreducible and One-Particle-Reducible diagrams contributing.
A typical renormalized transverse One-Particle-Irreducible self-energy at two-
loops will be in the MSM of the form
Σˆ{MSM}(p
2) = f(2)(p
2,MW,Z ,MH) + f(1)(p
2,MW,Z ,MH)δZ
(1)
{MSM}
+f(0)(p
2,MW,Z)δZ
(2)
{MSM}, (31)
where the first term on the r.h.s. f(2) stands for the contribution coming from
two-loop diagrams, the second represents one-loop diagrams f(1) with insertions of
one-loop counterterms δZ
(1)
{MSM} and the last are tree level f(0) diagrams with two-
loop counterterm δZ
(2)
{MSM} insertions.
In the effective chiral lagrangian the corresponding self-energy would read
Σˆ{ECL}(p
2) = g(2)(p
2,MW,Z) + g(1)(p
2,MW,Z)
[
δZ
(1)
{ECL} + a
(1)
i + b
(1)
j
]
+g(0)(p
2,MW,Z)
[
δZ
(2)
{ECL} + a
(2)
i
]
, (32)
where the g functions are the equivalent to the f ’s in the chiral lagrangian with one
important distinction, the g coefficients do not bring any Higgs contribution. The
whole MH contribution is contained in the a’s, the renormalization constants, and,
possibly, in the b’s.
With respect to the second type of diagrams, the reducible ones, it is not dif-
ficult to see that none of these diagrams would give a new contribution to the
matching conditions. There are mainly two types of such diagrams as shown in Fig.
2. The diagrams of type (a), which are just a product of two gauge self-energies,
are together with their one-loop renormalization constants exactly balanced in the
matching conditions with the contribution coming from the chiral lagrangian (renor-
malization constants plus a’s). And the diagrams of type (b) with a scalar particle
(Higgs or Goldstone boson) running in the middle of the two blobs, will always
be proportional to pµpν , so they will never give a contribution to the transverse
self-energy.
In conclusion if we restrict ourselves to the transverse part of the two-point
connected Green function is enough to consider just One-Particle-Irreducible dia-
grams. Let me remind you again that this is no longer true for the longitudinal
parts.
Even if we restrict to the transverse part one sees immediately that in principal
at two loops all unwelcome possible BRST operators (b) could enter. For instance,
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due to the contribution of Irreducible diagrams to the two-loop self-energy as the
one plotted in Fig.3, one could have self-energies of Goldstone bosons in one inter-
nal leg as well as contributions from longitudinal self-energies of gauge bosons (in
fact the longitudinal as well as the Goldstone boson self-energy can be related by
means of the Equivalence Theorem [17, 24, 25]). That means in the language of
Chiral Perturbation Theory that the a11, a12 and the possible BRST operators (b)
associated with the longitudinal as well as the Goldstone boson self-energies could
contribute to the transverse two-loop self-energy. Notice that at one-loop none of
these operators could enter into the transverse gauge field self-energies.
We will show in the following how one can avoid these unphysical operators and
for the same prize simplify substantially the matching equations at two loops. In
the subsection 4.2 we will analyze the particular case of the leading M2H correction
that thanks to the screening theorem at one-loop allows us to get the contribution
to the a’s at two-loop order in a rather easy way.
4.1 Formal solution: rewriting the matching equations at two
loops
In order to fix the ideas we will concentrate first on a particular One-Particle-
Irreducible topology entering a general two-loop gauge self-energy like the one of
Fig.3 where one already finds all the possible problems that could appear in the
general case (with all topologies). Depending on the particles that run inside the
loop we can distinguish typically between different type of contributions as shown
in Fig.4. for the MSM and in Fig.5 for the electroweak chiral lagrangian. Of course,
this set of diagrams is not intended to be complete but just representative of the type
of diagrams that will be relevant in our discussion. The diagrams (a),(b) and (c)
of Fig.4 would correspond to what we have called in the one-loop case Σ0(H){MSM}
while (a),(b) and (f) of Fig.5 would enter Σ0(H=a){ECL} . Moreover the diagrams
(d) and (c) of Fig.4 and 5 respectively would fit into the light part of the bare self-
energies, and according to the discussion in the previous section they will cancel
against each other in the matching equations.
Notice that the diagrams (a) and (b) of Fig.5 could, in principal, include the
unwelcome a11, a12 and all possible b-BRST operators as explained above. On the
contrary it is clear that none of these operators can contribute to the diagram (f) of
the chiral lagrangian Fig.5, simply because these type of operators come from the
introduction into the lagrangian of a gauge fixing term, and by construction they
can only enter at tree level to the longitudinal but not to the transverse self-energy.
Although it is quite reasonable to hope that at the end of the day all such unwanted
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b-operators entering the diagrams (a) and (b) of Fig.5 will cancel when adding all the
contributions in the transverse self-energy it could be quite involved to proof such
an hypothesis, and assuming it from the beginning could drive us to an incorrect
determination of the contribution to the gauge invariant operators.
Our method will consist mainly of rewriting the b-operators in terms of known
objects, so in a way they will be projected out from the matching conditions and we
will be left with just gauge invariant operators. In such a way, we will be sure that
we are not including in the gauge invariant operators contributions that correspond
to the unknown BRST operators and moreover, as all these extra BRST operators
should cancel in any physical quantity, we will not lose any physical information by
not fixing them with such procedure.
In order to project out the extra BRST operators we will use the matching
conditions at one-loop. For the topology we are looking at we will need to use
the Goldstone and longitudinal gauge boson self-energies at one-loop. It is clear,
according to the discussion on section 2 that if we want to impose these two matching
equations at one-loop ( which are now BRST-invariant and not gauge invariant
equations) one should include together with the gauge invariant operators all possible
BRST operators (exactly the same ones that contribute to the two-loop diagrams
(a) and (b) of Fig.5). Symbolically the one-loop matching equation between the
Goldstone self-energy in the MSM and the electroweak chiral lagrangian is drawn
in Fig.6. (a similar equality can be raised for the longitudinal gauge self-energy).
Analytically this one-loop matching equation for the Goldstone boson (and the one
of the longitudinal gauge boson) would read, following the same notation as in eqs.
(31) and (32) (but now at one-loop)
g(0)(p
2,MW,Z)
[
δZ
(1)
{ECL} + a
(1)
i + b
(1)
j
]
= f˜(1)(MH ,MW,Z) +O(1/M2H) +
f(0)(p
2,MW,Z)δZ
(1)
MSM +O(ǫ2), (33)
where f˜(1)(MH ,MW,Z) stands for the leading one-loop Higgs mass contribution in the
MSM to the Goldstone/longitudinal gauge boson self-energy coming from diagrams
including at least one Higgs running inside the loop (as diagram (c) of Fig.6 for the
Goldstone boson self-energy).
Diagrammatically if we now substitute not only the b’s but the a’s and renormal-
ization constants of the diagrams (a)+(d) and (b)+(e) of Fig.5 using the one-loop
matching conditions for the Goldstone boson and longitudinal gauge self-energy
(that are of the form of eq.(33)) the diagrams of the electroweak chiral lagrangian
of Fig.5 turn out into Fig.7 (diagrams (a)+(d) of Fig.5 goes into (a)+(d) of Fig.7
and (b)+(e) of Fig.5 into (b)+(e) of Fig.7). Where the box means that the diagram
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should be calculated in two steps. First one should compute the self-energy inside
the box making the explicit expansion inMH and ǫ up to the order given by eq.(33),
and afterwards evaluate the rest of the diagram. This is the reason why we need
to know eq.(33) to this order in MH and ǫ, not to lose any MH or finite piece. By
a direct comparison between Figs.4 and 7 it is clear what we have gained. On the
one hand, the b’s have disappeared and, on the other, new cancellations arise. The
diagrams (d), (f) and (g) of Figs.4 cancel exactly against the diagrams (c), (d) and
(e) of Fig.7. So at the end one only needs to calculate the type of diagram (a) and
(e) of Fig.4 and the difference between the diagrams (b)+(c) of Fig.4 calculated as a
whole against the same diagrams (a)+(b) of Fig.7 in the two steps explained above.
Of course, this procedure must be done consistently and taking into account all
topologies at the same time not to overcount diagrams. Exactly the same technique
can be applied to all other topologies (see [26] for the topologies), for instance, with
a triangle inside the loop diagram instead of a self-energy. Moreover it is clear that
this is a recursive procedure that it can be automatically extended to higher loop
orders. At each loop order we will always be able to eliminate the b’s and simplify
the matching conditions by inserting the previous loop order equations.
This method has the additional advantage of showing us explicitly that when all
possible topologies are considered and after performing the substitution explained
above for each topology one can get rid of all the one-loop renormalization constants
and a
(1)
i coefficients of the chiral lagrangian as well as the corresponding one-loop
renormalization constants of the MSM in the matching conditions at two loops. With
one important exception, those diagrams in the MSM with one-loop renormalization
constants inserted into one-loop diagrams that has a Higgs running inside the loop
(like the diagram (e) of Fig.4) will survive. This set of diagrams (that we will refer as
c−diagrams) are precisely the ones drawn in Fig.1 after inserting in them one-loop
renormalization constants in all possible ways.
In other words we are now in position to make a precise statement on the con-
dition that should be fulfilled in order that a
(2)
0 , a
(2)
1 +a
(2)
13 and a
(2)
8 +a
(2)
13 be scheme
independent quantities in the sense of being independent on the particular scheme
used to renormalize both theories (as it happens at one-loop). The condition for each
coefficient is the following: if the total contribution of the c−diagrams entering each
gauge self-energy cancel when combined as in eq.(16) (substituting the ΣX0 (H) by the
corresponding c− diagram contribution) then this particular coefficient is indepen-
dent on the scheme used to renormalize both theories. This condition, moreover,
can be easily extended to ∆ρ, ∆r and ∆κ. It is clear that this condition should be
fulfilled by the two-loop M2H contribution entering the a’s due to the direct relation
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with observables of this contribution.
For the more general case of a complete two-loop computation this condition
should be checked. However it is not our goal in this paper to check but just
enunciate this property.
4.2 Leading M2
H
contribution
If we are interested just in the leading M2H correction the scenario simplifies
enormously. Due to the screening theorem we know that the M2H contribution,
entering the one-loop diagrams with external gauge fields, is not observable and it
can be completely absorbed in the renormalization constants of the MSM (order
ǫ included). Then it is evident from the matching conditions eq.(9) that all the
coefficients of the chiral operators at one-loop together with the renormalization
constants of the electroweak chiral lagrangian will have at most a logarithmic Higgs
dependence (including the order ǫ). This point is particularly evident in the on-shell
scheme. Moreover it has already been pointed out that the coefficients g(1) do not
depend on the Higgs mass. As a consequence the second term on the r.h.s. of eq.(32)
cannot be of order M2H and we can throw it from the matching equations. Then the
r.h.s. of the matching conditions (the electroweak chiral lagrangian part) will have
at two loops, if we are just regarding the leading M2H contribution, exactly the same
form as the one-loop matching equations substituting
δZ
(1)
ECL → δZ(2)ECL a(1)i → a(2)i . (34)
If we want to use one of the existing calculations in the literature of the two-loop
M2H contribution to the self-energies, the complete computation of Veltman and Van
der Bij [26, 27], it is necessary first to clarify some points. First, in their work they
give the renormalized self-energies and not the bare ones, however thanks to the
screening theorem and according to the conclusions of the previous paragraph one
can still use eqs. (16) after making the following substitution everywhere
Σ0
X
(H) → Σ¯X(H), (35)
where Σ¯X(H) stands for the sum of the two-loop diagrams involving a Higgs plus
the Higgs contribution coming from the renormalization constants (the Σ¯X(H) can be
extracted from [26, 27]).
Second, their result was calculated using the linear representation M1 of the
MSM, whereas we are using the M2 parametrization for the scalars fields. However
it is not difficult to show following the simplified work of [28] that if one is interested
just in the M2H contribution the result will be the same in both parametrizations.
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Let us comment briefly on that point. In [28] it was shown that by just taking into
account Higgs and scalar particles inside the loop and working in Landau gauge one
can recover the same results for the observables as [26] working in t’Hooft-Feynman
gauge and taking into account all particles. From a direct inspection of the relevant
diagrams in [28] one can see that there is just one internal vertex involving Higgs
and Goldstone bosons that could produce different Higgs contributions depending
on the used parametrization (linear or nonlinear). This vertex is in the nonlinear
parametrization
2
v
(∂µπ∂
µπρ). (36)
We will rewrite it in a more useful way
2
v
(∂µπ∂µπρ) = −2
v
✷ππρ+
1
v
π2✷ρ, (37)
where the first term of eq.(37) simply cancels one Goldstone boson propagator if we
are working in Landau gauge. And the second term of eq.(37) tell us that in any
vertex ππρ we will always find that the propagator of the Higgs comes with a p2 in
the numerator and we can split it up into two pieces
p2
p2 +M2H
= 1− M
2
H
p2 +M2H
. (38)
The second piece on the r.h.s. always generates an explicitM2H . This piece is exactly
the same we find in the linear representation of the MSM. Then according to [28]
the leading diagrams are those with an explicit Higgs mass, so all the other pieces
(the first on the r.h.s of eq.(37) and the first of eq.(38) will always give subleading
contributions). Of course, the equivalence between both parametrizations can be
proved easily just to the leading M2H contribution if, instead, one was interested
in performing the complete two-loop calculation (and survive!) one should better
choose directly parametrization M2, because, as it has already been pointed out,
only in this parametrization the light part of the self-energies of both theories cancel
exactly in the matching equations. In any other parametrization one would need
to calculate lots of two-loop diagrams involving only light particles that contribute
differently in the MSM than in the effective chiral lagrangian.
If we now introduce the Σ¯X(H) into the expressions for the a’s in terms of the
self-energies eqs.(16) having performed the substitution (35). We will end up with
the following two-loop Higgs contribution to the a’s
a
r (2)
0 =
(
1
16π2
)2 g2g′2
64
(
M2H
M2W
)(
3π2 + 9π
√
3− 108C − 21
2
)
,
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aˆ
r (2)
1 =
(
1
16π2
)2 g2
288
(
M2H
M2W
)(
−28
3
π2 + 9π
√
3 + 35
)
,
aˆ
r (2)
8 = 0, (39)
where the constant C has a numerical value of 0.58598. The relative importance of
these corrections in front of the 1/M2H will be addressed in section 5.
At two loops the contribution coming from M2H to the observable quantity L is
L(2) =
(
1
16π2
)2 g4s2
288
(
M2H
M2W
)(
−37
3
π2 + 108C +
91
2
)
, (40)
where again the cutoff cancellation does not take place as in the subleading one-loop
case.
4.3 An extra screening in the photon self-energy in the on-
shell scheme
We will show in this section a very nice application of the chiral description of
the MSM. We will prove an ‘extra’ screening of the Higgs mass in the renormalized
photon self-energy in the on-shell scheme to all orders and the automatic cancellation
of the unphysical M4H pieces in the other gauge self-energies in this scheme at two-
loops.
One possible presentation of this screening could be: “It can be shown that
the renormalized photon self-energy in the on-shell scheme will be at most of order
M
2(n−2)
H at the nth-loop order, while all other renormalized gauge self-energies will
be at maximum of order M
2(n−1)
H ”. In other words there is an extra suppression
factor of at least 1/M2H in the renormalized photon self-energy with respect to the
other gauge self-energies to all orders.
In order to prove it we will make use of Chiral Perturbation Theory, the screening
theorem of Veltman [23] and the properties of the on-shell scheme.
Let us start by proving it at the two-loop order. The irreducible part of the
renormalized photon self-energy at two-loops will be in general of the form given by
(32). However we can be a little bit more specific with respect to the last term in
the r.h.s. of (32) and write
Σˆ
γγ(2)
{ECL}(p
2) = g(2)(p
2,MW,Z) + g(1)(p
2,MW,Z)
[
δZ
(1)
{ECL} + a
(1)
i + b
(1)
j
]
+p2s2g2(a
(2)
8 − 2a(2)1 ) + (s2δZ(2)W + c2δZ(2)B )p2, (41)
where the second term on the r.h.s. contains one-loop diagrams with insertions
of a and b operators together with one-loop renormalization constants. As it was
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explained in detail in the previous section due to the screening theorem no M2H con-
tribution could enter this term. This is, in fact, the reason why it is instrumental
the use of the electroweak chiral lagrangian instead of the MSM itself, where the
equivalent to this term (second in the r.h.s of eq.(31)) has in general M2H contribu-
tions that will combine with those coming from the two-loop diagrams and two-loop
renormalization constants. Of course, the first term on the r.h.s. of eq.(41) that
comes from two-loop diagrams involving only light fields cannot have any Higgs con-
tribution too. At the end all what remains in the electroweak chiral lagrangian are
the two-loop M2H contributions entering δZ
(2)
ECL and the a
(2)
i ’s. To analyze these re-
maining contributions we will take advantage of the fact that in the on-shell scheme
we know how to write the renormalization constants in terms of bare self-energies
([29]). In particular δZ
(2)
W and δZ
(2)
B will be
δZ
(2)
W = −
∂Σ
γγ(2)
0
∂p2
|p2=0 − 2c
s
Σ
γZ(2)
0 (0)
M2Z
+
c2
s2

ΣZZ(2)0 (M2Z)
M2Z
− Σ
WW (2)
0 (M
2
W )
M2W

 ,
δZ
(2)
B = −
∂Σ
γγ(2)
0
∂p2
|p2=0 + 2s
c
Σ
γZ(2)
0 (0)
M2Z
−

ΣZZ(2)0 (M2Z)
M2Z
− Σ
WW (2)
0 (M
2
W )
M2W

 , (42)
where again due to the screening theorem the relation between the renormalization
constants of the electroweak chiral lagrangian and the bare self-energies are the
same as the one-loop relations for what concerns the leading M2H contribution. If
we now use them together with eqs.(15), we obtain for the two-loop renormalization
constants
δZ
(2)
W = −
1
s2
(s2 − c2)g2aˆ(2)8 + 2g2aˆ(2)1 + 2
c2
s2
a
(2)
0 ,
δZ
(2)
B = −g2aˆ(2)8 − 2a(2)0 − g′2a(2)13 . (43)
Going back to eq.(41) if we substitute the renormalization constants by their expres-
sions in terms of the a’s one finds that the pure two-loop Higgs contribution cancel
exactly and we are left with just the subleading terms
Σˆ
γγ(2)
{ECL}(p
2) = g(2)(p
2,MW,Z) + g˜(1)(p
2,MW,Z)
[
a
(1)
i + b
(1)
j
]
, (44)
where we have rewritten the renormalization constants at one loop in terms of a’s
and b’s too. On the other hand, it is easy to see that the contribution to the
photon self-energy in the electroweak chiral lagrangian coming from the reducible
diagrams does not modify this conclusion. From Fig.2 the diagram (a) could give
at maximum a Log2M2H contribution again due to the screening theorem, while the
diagram (b) does not contribute to the transverse part. Finally according to the
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matching conditions Σˆ
γγ(2)
{ECL} should be equal to Σˆ
γγ(2)
{MSM} up to a certain order in
the 1/M2H expansion. It means that the renormalized photon self-energy in the
MSM will combine all its M2H terms including insertions of one-loop renormalization
constants in such a way that they cancel in the on-shell scheme. The theorem is
then proved at two-loops.
Before looking to higher orders let us consider what happens to the rest of
gauge boson self-energies. If one substitutes the renormalization constants by their
expressions in terms of the a(2)’s one finds that in the renormalized self-energies all
the a’s (a0, aˆ1 and aˆ8) always appear multiplied by p
2. Now by using a result of
Einhorn and Wudka [30] based on a simple power counting which tell us that at
nth-loop order the vacuum polarizations are proportional at most to M2nH , one can
imply easily that the a’s, which bring the wholeMH dependence, can be at two-loops
at most of orderM
2×(2−1)
H . It means that one has proven that in the on-shell scheme
all the renormalized self-energies can grow at most as M2H . Notice that this is not
longer true in other schemes, like the one used by Van der Bij and Veltman, where
they found indeed a M4H dependence that at the end it will cancel in all observables.
Once again one can repeat the same reasoning at three loops for the renormalized
photon self-energy with the only difference now that the first subleading term that
survives the cancellation will be at maximum of order M2H
g˜(1)(p
2,MW,Z)
[
a
(2)
i + b
(2)
j
]
. (45)
Notice that it is possible again to use eqs.(42) and eqs.(43) (substituting the su-
perindex (2) by (3)) because now we are interested only in the leadingM4H three-loop
correction.
In order to go to higher orders one can take again the result of Einhorn and
Wudka [30] and imply immediately that the maximum Higgs contribution entering
the a’s will be at the nth-loop order
a
(n)
i ∼M2×(n−1)H , (46)
with a
(n)
i being the nth-loop contribution to an ai coming from diagrams including
some Higgs particle running inside the loop. Then it is evident from eq.(44) that
at the nth-loop order the irreducible part of the renormalized photon self-energy in
the on-shell scheme can grow at most like
Σˆ
(n)γγ
{ECL} ∼M2×(n−2)H , (47)
whereas the other three renormalized self-energies will grow at most like
Σˆ
(n)ZZ,WW,γZ
{ECL} ∼M2×(n−1)H . (48)
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For what concerns the nth-loop reducible diagrams, due to their splitting into a
string of irreducible subdiagrams, they will always be at minimum one power ofM2H
suppressed with respect to the leading nth-loop irreducible diagram.
Let me insist that this result depend absolutely on the scheme. For instance, by
looking to the result of Van der Bij and Veltman the renormalized photon self-energy
in the particular renormalization scheme defined by them [26] has in fact an M2H
dependence. The conclusion will be then twofold. On the one hand, the on-shell
scheme seems to be a much natural scheme in comparison with other possibilities
because as we have seen it cancels automatically all spurious MH dependence. And
on the other, the combination between the screening theorem and the properties of
the electroweak chiral lagrangian provide us with a useful tool to make computations
sometimes more easily than in the MSM itself.
5 Discussion on the hierarchy of corrections
Up to this point we have obtained the leading and the first two subleading
contributions entering the chiral operators that contribute to the transverse gauge
boson self-energies. But we have not yet said anything concerning the hierarchy of
these subleading corrections.
According to the results of the previous sections the Higgs contribution entering
the renormalized gauge boson self-energies in the on-shell scheme is of the following
form
ΣˆX(H)(p
2) =
1
16π2
{
M2W,Z +M
2
W,ZLogM
2
H + p
2 + p2LogM2H
+
M4W,Z
M2H
LogM2H + p
2M
2
W,Z
M2H
+
p4
M2H
+O
(
1
M4H
)}
+
1
(16π2)2
{
M2H +
M2H
M2W,Z
p2 +O
(
LogM2H
)}
,
+ . . . (49)
where the terms inside the first braces are the one-loop contribution, the second
braces would correspond to the two-loop, etc. Moreover inside each brace the Higgs
contribution is organized as an expansion in inverse powers of M2H . In the language
of Chiral Perturbation Theory all these contributions enter into the renormalization
constants and the coefficients of the operators of the derivative expansion according
to their order in momenta (for instance, all the p2 pieces will enter into the a’s or
b’s coefficients, the p4 into the t’s and so on and so forth). A typical a coefficient
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will have the following structure
ai =
1
16π2
{
c1LogM
2
H + c2 + c3
M2W,Z
M2H
+ c4
M2W,Z
M2H
LogM2H +O
(
1
M4H
)}
+
1
(16π2)2
{
d1
M2H
M2W,Z
+O(LogM2H)
}
+ . . . (50)
It is clear from the previous equation that depending on the Higgs mass and
on the particular value of the coefficients c’s and d’s the subleading contribution
coming from the one-loop (1/M2H) could be more important than the one coming
from the two-loop result M2H . Of course, one should not forget when comparing
these contributions that with each new loop order an extra 1/16π2 factor appears.
In this last section we will put all the pieces together to analyze the different
contributions to three particularly interesting quantities ∆ρ
(se)
b(H), ∆r
(se)
b(H) and ∆κ
(se)
b(H)
paying special attention to the hierarchy of corrections.
5.1 Leading and subleading Higgs contribution to ∆ρ
(se)
b(H), ∆r
(se)
b(H)
and ∆κ
(se)
b(H)
There exist in the literature other parametrizations of the non-decoupling effects
of a Higgs at low energies. Two of them are the set of ǫ1, ǫ2 and ǫ3 parameters
[31], or the set S, T and U [6]. Their relation with the a’s at one-loop remain still
valid at two-loops (only for the leading M2H correction) due to the absence of a M
2
H
contribution coming from the second term on the r.h.s of eq.(32). For instance, the
contribution of the a’s to the bosonic part of the ǫi parameters is
2ar0(MZ) → ǫ1,
−g2aˆr8(MZ) → ǫ2,
−g2aˆr1(MZ) → ǫ3. (51)
The previous relations are easily obtained by writing the ǫ’s in terms of gauge self-
energies [31] of the electroweak chiral lagrangian. Where one should include together
with the abi(µ) = a
r
i (µ)+ δai all divergent and Log(µ/MZ)’s pieces entering the self-
energies (in that way the divergence and the µ dependence cancel automatically).
Notice that the t operators cannot enter into the ǫ’s.
One can choose any of the above parametrizations to write down in terms of them
three process independent quantities that are sensitive to the symmetry breaking
sector, namely ∆ρ, ∆r and ∆κ [32, 33].
We will use, instead, the electroweak chiral lagrangian constructed up to now
(including for the first time terms of order 1/M2H ). The self-energy contribution
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coming from Higgs corrections, divergences and Log(µ/MZ) terms of the electroweak
chiral lagrangian to the bosonic part of ∆ρ, ∆r and ∆κ is given by
∆ρ
(se)
b(H) = 2a
r
0(MZ),
∆r
(se)
b(H) = −
[
2g2aˆr1(MZ) + 2
c2
s2
ar0(MZ) +
g2
s2
(c2 − s2)aˆr8(MZ)
]
+
c2
s2
[
(c2 − s2)∑
i
ciWW ti −
∑
i
ciZZti
]
M2Z ,
∆κ
(se)
b(H) =
c2
s2
[
2ar0(MZ) + g
2aˆr8(MZ)
]
+ g2aˆr1(MZ)
+
c2
s2
[∑
i
ciZZti − c2
∑
i
ciWW ti
]
M2Z +
c
s
∑
i
ciγZtiM
2
Z . (52)
Since we are interested only in the self-energy contributions no vertex nor box
corrections are included (their contribution can be found, for instance, in [32, 33]).
If we now substitute in eqs. (52) the different Higgs contributions that we have
found in the previous sections a
(1)
i + a
(1/M2
H
)
i + a
(2)
i together with the ti’s, one ends
up with the following expressions
∆ρ
(se)
b(H) = +
1
16π2
3
4
g′2
(
−LogM
2
H
M2Z
+
5
6
)
− 1
16π2
3
4
g′2
s2c2
(
M2W
M2H
)(
Log
M2H
M2Z
− c4LogM
2
H
M2W
)
+
(
1
16π2
)2 1
32
g2g′2
(
M2H
M2W
)(
3π2 + 9π
√
3− 108C − 21
2
)
,
∆r
(se)
b(H) = −
1
16π2
11
12
g2
(
−LogM
2
H
M2Z
+
5
6
)
+
1
16π2
3
4
g2
s2
(
M2Z
M2H
)(
Log
M2H
M2Z
− c4LogM
2
H
M2W
− 17
36
s2(1 + 2c2)
)
−
(
1
16π2
)21
8
g4
(
M2H
M2W
)(
25
108
π2 +
11
4
π
√
3− 27C − 49
72
)
,
∆κ
(se)
b(H) = +
1
16π2
5
6
g2
(
−LogM
2
H
M2Z
+
5
6
)
− 1
16π2
3
4
g2
s2
(
M2Z
M2H
)(
Log
M2H
M2Z
− c4LogM
2
H
M2W
− 17
36
s2(1 + c2)
)
+
(
1
16π2
)2 1
8
g4
(
M2H
M2W
)(
53
108
π2 +
5
2
π
√
3− 27C − 119
72
)
. (53)
It is quite illustrative to make a plot of these corrections as a function of the
Higgs mass. By looking at the diagram (b) of Figs.8, 9 and 10 (∆ρ
(se)
b(H), ∆r
(se)
b(H) and
25
∆κ
(se)
b(H) respectively) it is clear that the 1/M
2
H correction (solid line) is the dominant
over the M2H coming from two-loops (dashed line) in the whole region in between
200 Gev and 1 TeV. We will consider the 1/M2H correction to be reliable over the
200 Gev region to be able to throw terms of order 1/M4H safely and maintain a gap
large enough with the light particles.
In the (a) plots the Higgs contribution given by eq.(53) represented by a solid line
is compared against the leading one-loop part (dotted line), leading one-loop plus
two loops (dashed-dotted line) and one-loop leading plus 1/M2H correction (dashed
line) for a range of values of the Higgs mass. The Higgs correction coming from
two-loops is only able to give a contribution large enough to be distinguished from
the leading one-loop line around 600 Gev for ∆ρ
(se)
b(H), 700 Gev for ∆κ
(se)
b(H) and 800
Gev for ∆r
(se)
b(H). Moreover in all cases both subleading contributions come (as seen
in the (b) diagrams) with opposite sign, producing and extra cancellation at around
the TeV region, in such a way that the complete result coincides with the leading
one-loop. Only in the region in between 280 and 400 GeV there is a deviation of
the order of 20 % between the complete result and the leading one-loop due to the
1/M2H correction to ∆ρ
(se)
b(H). This percentage reduces to 15 % for ∆k
(se)
b(H) and 11 %
for ∆r
(se)
b(H). Of course, if the Higgs mass turns out to be over the TeV the two-loop
M2H contribution will dominate over the 1/M
2
H , but then new problems concerning
the reliability of the perturbative series could arise.
6 Conclusions
We have extended in this paper the one-loop effective chiral description of the
MSM by incorporating into the coefficients relevant to the LEP1 physics the first
two subleading corrections, the inverse Higgs mass contribution at the one-loop level
and the leading two-loop Higgs contribution.
In order to disentangle the non-decoupling effects of the Higgs of the MSM
in the low energy dynamics of the light fields we have implemented the matching
conditions.
The object that we have used to match both theories is the transverse part of
the connected Green functions.
Following a constructive technique and taking advantage of a nonlinear repre-
sentation for the scalar fields in the MSM we have obtained at one-loop a simple
expression for the coefficients a0, aˆ1 and aˆ8 in terms of just the Higgs contribution
to the MSM bare self-energies. It is manifest in these equations the independence
of the chiral coefficients on the scheme of renormalization chosen in both theories.
One should have in mind that due to the link established in the matching conditions
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between the renormalization constants of both theories once we fixed the renormal-
ization scheme in one theory it is fixed in the other. Moreover we have demonstrated
that the same equations obtained at one-loop for the chiral coefficients can be used to
get the contribution to these coefficients coming from the 1/M2H one-loop correction
and, thanks to the screening theorem, from the two-loop M2H terms.
We have solved the problem of the apparent inconsistency of losing gauge in-
variance in the matching conditions at two-loops and at the same time consider
only gauge invariant operators, by proposing a novel formulation of the matching
conditions at two-loops, easily extensible to all orders. This new formulation turns
out to have very nice properties. It removes all the one-loop renormalization con-
stants from the matching conditions at two-loops, except from those renormalization
constants inserted into one-loop diagrams with a Higgs running inside.
Finally we have shown two applications of the constructed electroweak chiral
lagrangian. On the one hand, we have proven an extra screening of the Higgs mass
into the renormalized photon self-energy together with the automatic cancellation of
the unobservable M4H terms in the rest of gauge self-energies in the on-shell scheme.
And on the other, we have obtained the self-energy contribution to the bosonic part
of ∆ρ, ∆r and ∆κ pointing out the larger contribution of the one-loop 1/M2H in
front of the two-loop M2H up to the 1 TeV region.
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Appendix A: List of SU(2)L × U(1)Y Gauge Invariant Opera-
tors
The set of C and P and SU(2)L × U(1)Y gauge invariant operators Li are [11]
L0 = 1
4
a0v
2TµT
µ
L1 = 1
2
a1gg
′BµνTrTW
µν
L2 = ia2g′BµνTr[TV µV ν ]
L3 = −ia3gTr[W µν [Vµ, Vν]]
L4 = a4Tr[VµVν ]Tr[V µV ν ]
L5 = a5Tr[V µVµ]Tr[V νVν ]
L6 = a6Tr[VµVν ]T µT ν
L7 = a7Tr[VµV µ]T νTν
L8 = −1
4
a8g
2Tr[TWµν ]Tr[TW
µν ]
L9 = −ia9gTr[TW µν ]Tr[TV µV ν ]
L10 = a10(TµTν)2 (54)
The list is completed with three more operators, L11 and L12 that vanish when using
the equations of motion over them and L13 that can be absorbed in a redefinition
of the previous eleven operators
L11 = a11Tr[(DµV µ)2]
L12 = a12Tr[TDµDνV ν ]T µ
L13 = 1
2
a13(Tr[TDµVν ])2 (55)
where
Vµ = (DµU)U
† T = Uτ3U
† Tµ = TrTVµ
DµO(x) = ∂µO(x) + ig [Wµ, O(x)] . (56)
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Appendix B: Basic formulae for the 1/M2H expansions
In this appendix we will give the necessary formulae to calculate the large Higgs
mass limit of the one-loop diagrams containing a Higgs, although in the paper only
the leading and the first subleading term are taken.
The basic quantity in which we are interested in is∫ 1
0
dxxnLogD2(M
2), (57)
where D2(M
2) was already defined in eq.(21). It is clear by looking at D2(M
2) that
in order to get a convergent expansion in inverse powers of 1/M2H one should take
as the expansion term [16]
f =
−p2x(1− x)
M2H(1− x) +M2x
(58)
Then eq.(57) can be split up into two pieces∫ 1
0
dxxnLogD2(M
2) = I1 + I2 (59)
where
I1 =
∫ 1
0
dxxnLog(M2H(1− x) +M2x)
I2 =
∫ 1
0
dxxn
∞∑
k=1
(−1)k+1f
k
k
. (60)
After a straightforward but quite tedious calculation one can get a closed expres-
sion for eq.(59) as an expansion in inverse powers of 1/M2H that will be particularly
useful if one wish to perform the calculation by using a computer. In order to write
it in a more practical way we will define Ix1 and I
x
2 as the expansions of the integrals
I1 and I2 up to O(1/(M2H)x+1)
I1 = Limx→∞I
x
1
I2 = Limx→∞I
x
2 (61)
where
Ix1 =
1
n + 1

LogM2H +
x+n+1∑
k=n+2

 k − 1
n


(
M2
M2H
)k−n−1
Log
(
M2
M2H
)
−
n∑
k=0
1
n+ 1− k

1 + x+k∑
l=k+1

 l − 1
k − 1


(
M2
M2H
)l−k

 (62)
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and
Ix2 = −
x∑
k=1
(
p2
M2H
)k
1
k(k − 1)!


x+n+1∑
s=n+k+1

 s− 1
n+ k

 (s− n− 2)!
(s− n− k − 1)!
(
M2
M2H
)s−n−k−1
−
n+k−1∑
r=0
1
(n + k − r)(n+ k − r + 1)
x−k+r+1∑
s=r+1

 s− 1
r

 (s− r + k − 2)!
(s− r − 1)!
(
M2
M2H
)s−r−1
−
x+n+1∑
s=n+k+1



 s− 1
n+ k

−

 s
n+ k + 1





k−2∑
l=0

 s− n− k + l − 1
l

 (k − 1)!
(k − 1− l)
+
(s− n− 2)!
(s− n− k − 1)!Log
(
M2
M2H
)](
M2
M2H
)s−n−k−1
 (63)
where the summatory
∑k−2
l=0 should be taken equal to zero if k − 2 < 0.
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FIGURE CAPTIONS:
Figure 1: Diagrams contributing to Σ0(H){MSM} for the W and Z self-energy in
the parametrization M2. The Goldstone (solid line) and gauge boson particle (wavy
line) running inside the diagrams (a) and (b) will be a π+/π3 and a W/Z particle
respectively depending on the gauge self-energy W/Z we are considering. Notice
that the tadpole is exactly canceled by its counterterm.
Figure 2: One-Particle-Reducible diagrams entering a two-loop self-energy. The
shaded blobs stand for all possible one-loop diagrams. Figure (a) represents those
diagrams where the blobs are connected by a gauge field, while in (b) the connection
is done with a scalar particle (Goldstone or Higgs).
Figure 3: One of the Irreducible topologies entering a two-loop gauge self-energy.
Figure 4: Set of diagrams representatives of those entering the topology of Fig.3 in
the MSM. The diagram (a) represents the class of diagrams with a Higgs in the outer
loop. The diagrams (b) and (c) stand for those diagrams with only light particles
in the outer loop but a Higgs in the inner loop. The diagram (d) contains only light
particles. (e) (f) and (g) are counterterm diagrams. Finally (h) is a genuine two-
loop counterterm. The dots stand for other diagrams not involving Higgs (ghosts,...)
that will cancel automatically in the matching equations. The number and position
of all types of particles can be changed always according to the constraints given by
the representative of each class of diagrams. Goldstone and internal gauge boson
lines are completely equivalent and can be interchanged freely, that means that (b)
and (c) are in fact equivalent but they are keep separately to make the discussion
in section 4 more clear.
Figure 5: Set of diagrams representatives of those entering the topology of Fig.3 in
the ECL. In the ECL no Higgs runs inside the loops, its contribution is represented
by the insertion of an a or b operator. The diagrams (a) and (b) represent the
class of diagrams with scalars and gauge particles and with an insertion of an a or
b operator at one-loop order. Together with the renormalization constant insertion
(d) and (e) are represented by the second term in the r.h.s of eq.(32). The diagram
(c) does not have any Higgs contribution. Finally (f) and (g) are the two-loop a
(2)
i
and counterterm Z
(2)
ECL insertions corresponding to the last term in eq.(32). The
dots have the same meaning as in Fig.4
Figure 6: One-loop matching equation between the Goldstone boson self-energy
in the MSM and the ECL. Due to the gauge dependence of this matching equation
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one should include, to be consistent, also b operators. The dots in the l.h.s of the
equality stand for one-loop diagrams involving light particles, whereas the dots in
the r.h.s include in addition other one-loop diagrams with a Higgs running inside
that will be relevant for other two-loop topologies different from the one of Fig.3. A
similar equation can be raised for a longitudinal gauge field self-energy.
Figure 7: Set of diagrams transformed from those of Fig.5 after substituting the
a(1)’s, b(1)’s and Z
(1)
ECL of diagrams (a), (b), (d) and (e) of Fig.5 by the Z
(1)
MSM and
the leading Higgs contribution coming from the diagram (c) of Fig.6. The box over
the diagram (a) and (b) means that they should be calculated in two steps, first
the large Higgs mass limit of the self-energy inside the box and afterwards the rest
of the diagram. Due to this simple trick more cancellations arise in the matching
equations.
Figure 8: Self-energy Higgs contributions to the bosonic part of ∆ρ plotted for
a range of MH values up to 1 TeV. In the diagram (a) the dotted line represents
the leading one-loop Higgs contribution. The dashed line stands for the sum of
the leading one-loop plus the 1/M2H subleading. The dashed-dotted line is the sum
of the leading one-loop plus the two-loop M2H piece. Finally the solid line is the
sum of all three contributions. In the diagram (b) the two subleading contributions
one-loop 1/M2H (solid-line) and two-loop M
2
H (dashed-line) are directly compared.
Figure 9: Self-energy Higgs contributions to the bosonic part of ∆r. Same conven-
tions as in Fig.8.
Figure 10: Self-energy Higgs contributions to the bosonic part of ∆κ. Same con-
ventions as in Fig.8.
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